SOME BASIC THEOREMS IN DIFFERENTIAL ALGEBRA
(CHARACTERISTIC p, ARBITRARY)

BY
A. SEIDENBERG

J. F. Ritt [6] has established for differential algebra of characteristic 0
a number of theorems very familiar in the abstract theory, among which are
the theorems of the primitive element, the chain theorem, and the Hilbert
Nullstellensatz. Below we also consider these theorems for characteristic
p#0, and while the case of characteristic 0 must be a guide, the definitions
cannot be taken over verbatim. This usually requires that the two cases be
discussed separately, and this has been done below. The subject is treated
ab initio, and one may consider that the proofs in the case of characteristic
0 are being offered for their simplicity. In the field theory, questions of sepa-
rability are also considered, and the theorem of S. MacLane on separating
transcendency bases [4] is established in the differential situation.

1. Definitions. By a differentiation over a ring R is meant a mapping
u—u’ from R into itself satisfying the rules (uv)'=wv'+u'v and (u+v)’
=u'4+v". A differential ring is the composite notion of a ring R and a dif-
ferentiation over R: if the ring R becomes converted into a differential ring
by means of a differentiation D, the differential ring will also be designated
simply by R, since it will always be clear which differentiation is intended. If
R is a differential ring and R is an integral domain or field, we speak of a
differential integral domain or differential field respectively. An ideal 4 in a
differential ring R is called a differential ideal if uE A implies ' EA4. The
ring {u+A} of residue classes of the differential ring R mod a differential
ideal 4 is also a differential ring under the differentiation (#+A4)' =u'+A4.

If F is a differential field, then from (v-u/v)'=v(x/v)’' 49 (u/v) we ob-
tain (#/v)’=(u'v—uv')/v?% If R is a differential integral domain, then its
quotient field F becomes a differential field on setting (#/v)’ = (u'v—uv’) /v%:
it is this differential field which is intended when we speak of the
quotient field of R. From 1'=(1-1)'=1-1"41’-1, it follows that 1'=0,
whence the differentiation in F coincides with the given differentiation in R.

An element » whose derivative %’ is zero will be called a constant. It is
immediate that all the elements of the primitive field of a differential field
are constants.

The modifier “differential” will usually be omitted: if “differential” is not
intended, we shall refer to the modified object “in the algebraic sense.”

Notation. The symbols ( ) and [ ] will be used in their usual senses of
field and ring adjunction respectively: the symbols ( ) and { } will be
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used in the corresponding differential situations. The symbol ( ) is also used
in its usual ideal-theoretic sense, the symbol [ ] taking its place in the dif-
ferential case: thus, for example, [p, ¢]=(p, ¢, ?’, ¢, ", ¢’y -+ ). The
symbol { - - -} is also used in the set-theoretic sense, to indicate the set
exhibited, and will also be used to indicate the perfect ideal (definition be-
low) generated by the elements enclosed. Subscripts are used in the usual
way, but are also used to indicate derivatives: thus u, #;, %s, - - - may indi-
cate the successive derivatives of %; but also u;, us, - - -, #, may indicate
several quantities not particularly related, in which case a second subscript
is used to indicate the derivative.

2. Field extensions. Let K be a differential field and F a subfield of K;
i.e., F is understood to be a differential field under a differentiation in-
duced in it by the given differentiation in K. Let F{ u} designate the smallest
differential ring containing F and an element ¥«E€K; F(u) designates the
smallest differential field containing F and u.

Let now K be of characteristic 0. We shall say that the element ¥ €K is alge-
braic over F if there is a nontrivial polynomial relation H(u, #’, 4", - - -, u®)
=0 satisfied by % and its first ¢ derivatives (for some 7); thatis, if
U, Uy, U,, - - + is a sequence of indeterminates (in the usual algebraic sense),
there should be an element H(U, Uy, ---, U)EF[U, Uy, ---],
H(U, Uy, - -+, U)#0, such that H(u, w’, ', - - -, u®)=0.

In van der Waerden’s Moderne Algebra [7], the theory of linear as well
as algebraic dependence is made to rest on the following axioms:

I. u;is dependent on uy, - - -, Un.

I1. If u is dependent on wy, « - -, Un, but not on uy, - + : , Un_1, then U, is
dependent on uy, - - -, Un_y, U.

II1. If wisdependenton vy, + « -, v and each vjis dependent on uy, * * +, Un,
then w is dependent on Uy, - + + , Un.

If, now, y dependent on x1, - - - , x, is taken to mean that y is algebraic
over F(xi, - - -, x,), then the above axioms become true theorems. The first

two are trivial, and the third follows at once from the following lemma.

LEMMA. If u is algebraic over F, then F{u)=F(u, v', u'", - - - ) has a finite
degree of transcendency over F; in fact F(u, u', - - - ) s even finite over F. On
the other hand, if u is not algebraic over F, then F{u) has infinite degree of trans-
cendency over F.

Proof. Let # be algebraic over F; then there is an >0 such that =4,
u®, 4@ ... u are algebraically dependent (in the algebraic sense) over
F, while u, #®, - - -, 4D are not. Let G(U, UV, - . -, U") be a poly-
nomial of least degree in U™ which is satisfied by %, ", - - -, 4 over F.
Let S(U, - - -, UM)=0G/dU: we see that S(u, + - -, u”)%0. Now S is
the coefficient of U+D in (G(U, UW, -~ -, UM))’, whence we see that
urtD S Flu, u®, - - ., 4®), and likewise uP S F(u, « - -, ™) for j>r-+1:
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this proves the first point. The second point is trivial.

Statement III is now immediate; for F(%, v, w) has a finite degree of
transcendency over F(u, v), F(u, v) has a finite degree of transcendency over
F(u), whence F(u, v, w) and F(u, w) have finite degrees of transcendency over
F(u).

The whole theory of degree of transcendency in the algebraic case can
therefore be carried over to the differential case, and we can speak of the
degree of differential transcendency (d.d.t.). In particular note that if » and »
are algebraic over F, then so are u+v, u-9, and u/v (if v0).

The above results are, of course, well known, and go back to H. W.
Raudenbush [5].

For any # it is clear that we can construct a differential ring
F{U,, - - -, U,} with d.d.t F(U)/F=n: then Uy, - - -, U, will be called
differential indeterminates, as in the algebraic case.

3. The theorem of the primitive element. This theorem is entirely parallel
to the algebraic theorem. It asserts that if %, v are algebraic over F, then
under certain conditions F(u, v) = F(#). The proofs in the algebraic case de-
pend on the fact that if G(X,, - - -+, X,) is a polynomial different from 0
and F is an infinite field, then there exist x;EF, 1=1, - - -, n, such that
G(x1, - -+, xa) #0. If we consider the differential polynomial X’, then it be-
comes clear that a like fact could obtain over a differential field F only if F
contains nonconstant elements. Conversely, if F does contain nonconstants,
and G(Xy, - -+, X,)#0 is a differential polynomial, then there exist
x;EF,i=1, - - -, n, such that G(x1, - - -, x.) #0: we refer to Ritt [6, p. 35]
for the proof. Moreover, the theorem of the primitive element could not hold,
in general, if all elements of F were constants: for let %, v be two inde-
terminates in the algebraic sense and convert F(u, v) into a differential
field by setting every derivative equal to 0. Then F(u, v) = F(u, v), F(8)= F(9),
and F(u, v) = F(0) is clearly impossible. Subject to these necessary conditions,
the theorem holds.

THEOREM 1. Let F contain nonconstant elements. If u, v are algebraic over
F, then there exists a NE F such that F(u, v) = F{u+v). (Note that F 1is for the
present of characteristic 0.)

Proof. Construct F(u, v)(A), where A is a differential indeterminate. Since
#, v, A are algebraic over F(A), we have that #+4Av is algebraic over F(A),
and hence we have a nontrivial polynomial relation:

GA, AV, - - [ A®, (w4 Av), (u+ A)D, - - - | (w4 Av)@) = 0.

Here we are supposing that s is as small as possible and that G is of least
possible degree in (#+Av)®. Let #+Av=w: note that dw®/dA® =0 if 1<s,
and =v if 7=s. Taking the partial of the above relation with respect to A®
we obtain: :
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G 3G
D | g

Because of the minimal conditions placed on G, we have 0G/0w® = S(A, u+Av)
#0, whence v& F(A)(u+Av): we now specialize, appropriately, A—>NEF;
some care has to be exercised, as we cannot suppose (as in the algebraic
theorem) that v can be written with a denominator free of w. By the lemma
of Ritt mentioned we could specialize A to N& F(u, v) so that S(\, #+N\v) #=0:
actually, the proof of the lemma shows that if £ is a nonconstant, then one
can specialize A to a polynomial in & with rational numbers as coefficients
(the main point of this proof will have to be considered explicitly below in
discussing the case of characteristic p£0). Thus we may take ANE F, whence
v& F(u+Nv) and F{u—+Nv)=F(u, v). (Or one can apply the lemma directly
by writing 1/S(A, #+Av) in the form C(A, u, v)/D(A, u, v), where C, D are
polynomials and in D occur only #; and »; in some selected transcendency
basis of F(u, v)/F: one would then have only to specialize A so that some
one coefficient of D does not vanish.)

For a previous treatment of the above theorem, see E. R. Kolchin [2].

4. The Hilbert Nullstellensatz. Let R=F{ U, - - -, U,} be a poly-
nomial ring in n differential indeterminates. By a point one means a system
#uy, + -+, u, of differential quantities in an extension field of F; by a zero of
an ideal 4 one means a point annihilating all the elements of 4. By the
variety V(4) of an ideal A one means the set of zeros of 4. The Hilbert
Nullstellensatz says that if GER vanishes over V(A4), then G°E A for some
p. Another possible definition of V(4) restricts V(4) to consist of the 0-di-
mensional points, i.e., points (%, - + -, %,) such that d.d.t. F{uy, - + -, u,)/F
=0. According as one takes the first or second definition one speaks of
the weak or strong form of the theorem: initially we are concerned only with
the weak form. Another remark must be made: exception can be taken to
the above definition of V(4) since no bound has been placed on the cardinal
number of V(A4). This quite valid objection is easily overcome as it is suffi-
cient to have a field KDF which contains for every prime P in R the co-
ordinates of a general point of P, i.e., a point u,, - - -, u,, #;&K, such that
R/P=F {ul, <, u,.}, and one will then define point to have coérdinates in
K. It would be easy to construct K, but we need not be detained over this
matter, since Hilbert’s Theorem has an obviously equivalent form stated
directly in terms of R, namely, that the set {G|G*€ 4} =NP over the prime
ideals P in R which contain 4.

By a perfect ideal A one means an ideal such that GPC A implies GEA.
One consequence of Hilbert’s Theorem is that if 4 is an ideal, then the set
{G|Gr€ A4} is an ideal. Hence it is clear that Hilbert's Theorem cannot hold
without some modification if F is of characteristic 0, since, e.g., for n=1,
we have u'r& [ur] =4, ie., {G|G€[ur]} is not an ideal. This possibility
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does not arise in the case of ordinary polynomial rings, and in fact it is well
known that {G|G*€A4} is an ideal if 4 is; neither does it arise in the dif-
ferential case if the characteristic is 0, since one shows by a simple calculation,
which depends upon the characteristic, however, that (G')*-!'& [Gr]. We
may thus say that Hilbert’s Theorem consists of two parts, the first says that
{G ‘ GPEA} is an ideal, in which case it is obviously perfect, and the second
says that a perfect ideal is the intersection of prime ideals. This second part
is true in general, and deserves the name of Hilbert.

HiLBERT'S NULLSTELLENSATZ (WEAK FORM). A perfect ideal in the poly-
nomial ring F{Uy, - - -, U.} is the intersection of prime ideals (F of arbitrary
characteristic).

Proof. Let A be the given perfect ideal, and let « &R, aEA. We have to
show the existence of a prime ideal P containing 4 but not containing o.
Let then S be the set of perfect ideals containing 4 but not meeting the
multiplicatively closed system {a?|p=1, 2, - - - }. Partially ordering S by
inclusion, we see by Zorn's Lemma that there is maximal element P in S,
and this we claim is prime. In fact, let %, vER, uEP, v&P, but wvEP.
Let {P, u}, {P, v} be the smallest perfect ideals containing [P, ], [P, v]
respectively. Some power of « lies in {P, u}, and some power in {P, v}, by
the maximality of P. In the case of characteristic 0, by the remark that
{B} ={G|Gr€[B]}, one would even have that a power of « is in [P, u],
and a power in [P, v]. Now uv & P implies (#'v+uv')u’vE P, whence (u'v)*E P,
#'vEP, and more generally (9@ & P. Hence [P, u]- [P, v]CP, so a power
of o is in P, contradiction. In the case of arbitrary characteristic it remains
to prove the following lemma. Kolchin [3, §3] has this result, but it is well,
for later purposes, to have a proof before our eyes.

LEMMA. If uv is in the perfect ideal P, then {P, u}-{P, v} CP.

Proof. Let Ao= [P, u], let A,=the differential ideal generated by the ele-
ments G such that G*E 4, for some p, and let 4; be defined recursively as
the ideal generated by the G such that G°& 4, for some p; define Bo= [P, v],
B,, By, - - - similarly. We have AOQ{P, u}, whence also Alg{P, u}, and
now inductively that 4,C{P, u}. Hence UA;S{P, u}. Conversely, let
Gr&UA;; then G*E 4, for some 7, so GEA 1, whence GEUA,, ie., U4; is
a perfect ideal, so {P, u} CUA;. Hence {P, u}=UA; and similarly {P, v}
=UB;. We have seen already that A,-BoCP; the proof will be complete
upon showing that 4,-B;ZP. We use induction. The ideal 4; is generated
by G’s such that G°€A4;_;; let G be such a generator with GPEA4 4, and let
H similarly be a generator of B;, say H°&€B;,. Then (GH)”"©A;1B;1CP,
so GHEP, and also GWH by a previous calculation. Hence 4;-B;SP, and
the proof is complete.

The following theorem, taken in conjunction with the above, amounts to
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the strong Nullstellensatz. Since dimension has so far been considered only
for characteristic 0, the theorem is at this point necessarily subject to that
restriction.

HiLBERT'S NULLSTELLENSATZ (STRONG FORM). Let P be an r-dimensional
prime ideal in R=F{Uy, - - -, U.}, r>0; i.e., d.d.t. Fluy, - - -, u,)/F=r,
where F{ul, ceey, un} R/P. Let a &R, aEP. Then there exists an (r—1)-
dimensional prime ideal Q, PCQ, such that a €EQ.

Below, in §8, we offer a very brief proof of this theorem. The following
proof introduces two points not strictly necessary for a proof. One is the fol-
lowing lemma. In the case n=1, if P is a proper prime ideal, then R/P
=F{u}, and F(u)=F(u, w, - - -, u,) is a field of algebraic functions of r
variables, u, u, - - -, u,, algebraically independent over F. The lemma is
the converse.

LEMMA. Let F(u, uy, - - -, u,) be a field of algebraic functions of r variables,
with u, algebraic and separable over F(u, uy, + + + , u,1); F, a differential field.
Then there is one and only one way to convert F(u, - - -, u,) into a differential
field so that W' =uy, ul =us, + - -, u'_,=1u,.

This is a well known result; see for example [8, chap. I, Prop. 15, p. 12].

Proof of the theorem. We may suppose that u;, - - -, u, are algebraically
independent over F. Sincer >0, F{u,, - - -, u,) contains nonconstant elements,
so there exists a wsuch that F(u,, - - -, #,, w)=F(u1, - - -, u,). The element w
satisfies an equation G(Uy, - - -, Uy; W, Wy, + - -, Wipa) =0, where ¢ is as
small as possible and G is irreducible in F{ Uy, - -+, U,} [W, ce, Wl
Note that if H(U; W) is in this last ring and H(u; w)=0, then
H is divisible by G in that ring. Let S=90G/dW:;.. We have u,.;
=fi(u, - - -, ue;w)/d(U1, - - -, U W, - - - ,'w,),wheref,-,dEF{ Uy -+, Uy W}
Let 1/S(u; w) =g(u, + + -, e} w, - - -, Wey1)/e(ur, - - -, ts;w, - - -, wy) and
let 1/a(uy, « - -, uy) =h(uy, - - -, up; w)/es(uy, - - -, up; w, - - -, w,), where
g, h, e, eIEF{Ul, s, Uy W}, and, moreover, we may write d=e=e¢y;
note that Sg—e is divisible by G. We now define a differential field by bind-
ing Uy, -+, U, but in such manner that not all the coefficients of
a(Uy, + - -, Uy; W), regarded asa polynomial in W, - - -, W,, become equal
to zero, i.e., we have a field F(4,, - - -, %), of d.d.t. r—1 over F, and such
that d(é, -« -, 4,; W)>0; moreover, we can also require, and do, that
G(ioy, -+ -,y W,--+, W) be of positive degree in W, Then
G(#ty, « -+, %; W,:--, Wya) will have an irreducible factor over
F(#,, - - -, #,) of positive degree in W1, and through it we define, in the
canonical manner, a differential field F(#,, - - -, 4,; @); it will then be so
that d=d(@, - -+, #@,; ®)#0 and S=S(@, - - -, #%; @) 0. Define
Arri=fi(4, w)/d(4, ®). We now prove that H(uy, « - -, #,; w)=0 implies
H(#,, - -+, 4, w)=0; in particular it will therefore be true that
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a(ty, - - -, 4,) #0. Let (d(U, W))?H(Uy, - - -, Un; W)—H(Uy, - - -, U,; W)
under the substitution U,.;—f:(Us, - - -, U,; W)/d, where p is chosen suffi-
ciently high that H; be a polynomial. Further, let (S(U, W))°H,
=H,(Uy, -, Uy W, -+, Wi1) mod [G] It is sufficient to prove
Hy(4y, - - -, 4,; w) =0, and we have Ha(uy, - + -, #,; w) =0. But Ho(u; w) =0
implies Hy(U, W) =A(U, W)-G(U, W), whence Hy(%, ®) =A (%, @) -G(#, @)
=0.If 4, - - -, @, determine Q in F{ Uy, -+, U,,}, then Q is a prime ideal

of the type sought. Q.E.D.

While Ritt has not explicitly stated, in [6] at any rate, the strong form
of Hilbert’s Theorem, he does have, in a special case, a theorem much stronger
than the weak form. In the case in question, F is the field of functions
meromorphic throughout a given open set A of the complex plane. A point is
then defined as the composite notion of an open set B, BC A4, and a system of
functions u;(x), « -+, #a(x), #i(x) analytic in B. Hilbert’s Theorem continues
to hold. Applying the strong form of the theorem, one could prove this
theorem using a minimum amount of analysis.

5. The chain theorem. Let F be a differential field, Uy, - - -, U, dif-
ferential indeterminates. The ascending chain condition does not hold in
S=F{ U, -, U,,} for ideals in general, but it does hold for the perfect
ideals. We give a new proof, first establishing the following (for ground-fields
of characteristic 0).

THEOREM 2. (A) The ascending chain condition holds for prime ideals.
(B) Every perfect ideal is a finite intersection of primes.

We may remark that (A) can be proved very simply using the theory of
transcendency, both differential and ordinary. We shall want Theorem 2 in a
slightly more general situation, however, as in the following lemma.

LEMMA. Let R be an integral domain (in the algebraic sense, and of arbitrary
characteristic). If the conditions (A) and (B) hold in R, then they also hold in
R[U], where U is a single algebraic indeterminate. If R is a differential domain
containing the rational numbers, then the like is true of R and R{ U } , Where U
is a differential indeterminate.

Proof. Let A =NP, be a perfect ideal in S=R[U]. The ideal 4’=RNA
contains some prime ideals, for example, (0): let P’ be a maximal prime ideal
in R contained in A’. Since the ascending chain condition holds for prime
ideals in R, we may assume, inductively, that any perfect S-ideal whose
contraction to R contains a prime ideal properly containing P’ is a finite
intersection. Now A4’ is clearly perfect, so by induction 4’=P{ M - - - N\P{.
If A’ P’, then each P! D P’ properly. Let A;=NP, over those P, containing
P!; then each A4; is a finite intersection, whence 4 =4, - - - N4, is also.
Thus we may assume A’=P’. We now consider polynomials G(U) = >_¢;U’
€A. Let G(U) =Zc‘.~ U?, where the ¢; are the residues of the ¢; mod P’. If all
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G(U) =0, one sees easily that 4 is prime, and is the extension of P’ to S. We
may suppose, then, that there are G(U) €4 such that G(U)#0, and of these
we choose one, G(U), to be of minimal degree d. For each perfect S-ideal 4
contracting to P’ we have then defined an integer d =d(4), and may assume in-
ductively that any perfect S-ideal contracting to P’ and having a degree less
than d.is a finite intersection. Factor G(U) in Z[U], where £ = quotient-field of
R/P': 4G =G, - - - G,, where Gi(U) is irreducible in Z[U], and AER/P’ has
been so selected that G; has coefficients in R/P’. Let A;=0NP, over those P,
containing G;(U): if s>1, then either 4; contracts in R to something con-
taining P’ properly or the degree of A4; is less than d; in either case 4;is a
finite intersection, and hence so is 4 =4, - - - MNA,. Thus we may assume
that s=1, or that G is irreducible. Let I be the leading coefficient of G: I& P’
by the minimal condition placed on G. Let 4, =P, over those P, containing
I, A;=NP, over those P, not containing I. The ideal 4, is a finite intersec-
tion, so we may suppose 4 = 4., i.e., that I& P, for every a. Hence in particular
I"HEA implies HE A. Under these circumstances, however, 4 is even prime.
In fact, let H1(U)H,(U) €A. Reduce the degrees of Hy, Hy: I"Hy=H{ (U) (G),
I'H,=Hj; (U) (G), where deg H!(U)<d, 1=1, 2. We have H{ Hi €A, and
from H! €A follows H;EA. Let I"H{ Hi =R(U) (G), where deg R(U) <d.
Then T*H{ H{ is divisible by G in Z[U], and this implies H{ =0 or H{ =0,
whence H{ €A or H; €A. Thus A is prime, and the proof that a perfect ideal
is a finite intersection is complete. The proof that the ascending chain condi-
tion holds for prime ideals in S follows in quite the same way: in fact, one
shows easily that if S-P'CQ1CQ., where Q1, Q; are prime ideals contracting
to P’ and 0:DS- P’ properly, then Q;=_Q..

The proof of the second point is almost the same, and could easily be
carried through without the introduction of any further general remark.
The following corollary, which will be useful below, may, however, also be
used here. Let M be a set of prime ideals in a ring R and define an M-perfect
ideal as an intersection of M-prime ideals.

COROLLARY. If conditions (A) and (B) hold for the M-prime and M-perfect
ideals in an (algebraic) ring R, and (0)E M, then they also hold for any set
N of prime ideals in R[U) and their N-perfect ideals, provided that the con-
traction of an N-prime ideal is an M-prime ideal and that an N-perfect ideal
which is prime is an N-prime ideal.

To apply the corollary to R and S =R{ U } , introduce the rings S;
=R[U, Uy, - - -, U;], and let the M;-prime ideals be those prime ideals
which are contractions of prime or perfect differential ideals in R{ U } ;in R,
the M-prime ideals are the differential prime ideals. Then one sees that con-
ditions (A) and (B) hold in S; for the M -ideals. Let now 4 =NP, be a per-
fect ideal in R{ U}: as before we suppose that AMR =P’ is prime, that the
theorem holds for any perfect ideal whose contraction to R contains P’
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properly, and that A;éR{ U} -P'. Let G(U, Uy, - - - )EA, with coefficients
not all in P/, and of minimal total degree in U, Uy, - - - ; we may, and shall,
also suppose that none of the coefficients of G isin P’. Let G=G(U, - - -, U,)
effectively involve U,, but not U,, s>r, say deg G in U, is d. The leading
coefficient of G, i.e., the coefficient of U? is not in R{ U} -P’, hence also the
leading coefficient of S=4G/dU, is not in R{ U}-P’. Hence S is not in 4,
being of too small degree. Thus .S is not in every P,, and separating off
those P, containing S, we may suppose S& P,, every a: in particular, then,
S*HE A implies HEA. We can now further suppose that ANR[U, - - -, U,]
=P/ is prime. Under these circumstances, 4 is prime. In fact, let 1 H,& 4.
Noting that S is the coefficient of U,y; in G, we see that for some p, o,
StHy=H{ (4), S'H,=H{ (A), where H{, H{ER[U, - -, U,]. Since
H{H] €A, also H{ H{ €P/!, H{ or HJ is in P/, hence in A, and H,; or H,
is in A. This completes the proof for (A), and (B) follows similarly.

The chain theorem follows readily from (A) and (B), without reference to
any special differential concept. For let 4, 4,C - - - be a chain of perfect
ideals, and let each A4; be written as an irredundant intersection of a finite
number of prime ideals. Let P,C P,C - - - be a chain of prime ideals, where P;
occurs in A;. Each such chain involves only a finite number, say #, of prime
ideals. Then # must be bounded. For if not, then there is some prime P; of
A; which initiates, for any #, chains of length =Z#n. Take chains of length
n=1, 2, - - - and beginning with P;. In all these we may have Py=P,= - - -
=P;, but there is some 7 such that P;CP;;; for some, and hence every,
such chain (because 4;;; has been written irredundantly). There are only a
finite number of possibilities for P;41, so what has been said for P, also goes
for some P4, containing P; properly. In this way we get a proper ascending
chain of prime ideals: impossible. So # is bounded. Let there be chains of
length N, but none of length greater than N. We make an induction on N.
Each P, contains some P;, and if 4;CA4 ;1 properly, then either at least
one P, contains some P; properly, or 4 ;;; has less primes than 4,: if N=1,
then the first possibility is excluded, and the chain 4,C4,C - - - is finite.
Suppose now that Py=P,= - - -+ =P;CP;;;C - - - is a chain of length N>1:
call the pair (P;, ©) an initiator. If (P;, ©), (P;, j) are initiators and 777, say
j>1, then also P, P;, for otherwise P;(=P,) would be a prime ideal of 44,
and that is not so. Each P; of an initiator is a prime ideal of 41, so there are
at most a finite number of initiators. Let < be maximal over the indices of
the initiators. Then the theorem follows by induction on 4;1; SA4:4,C - - -.

6. The case of characteristic 0. To extend the results of §2 one must
first decide what one shall mean by the element u being algebraic over a
differential field. Let 7 be the prime field of ch. 0, x an indeterminate in
the algebraic sense. Convert F=m(x) into a differential field by setting each
derivative equal to zero. In the polynomial ring S=F { U } , consider the ideal
P=S-(Ur—x), generated in the algebraic sense. One sees that P is a prime
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differential ideal, that the residue # of U in S/P is algebraic in the previous
sense, but that %’ is not algebraic in that sense. Here S/P has infinite degree
of transcendence (in the algebraic sense) over F. One ought at least to re-
quire of an algebraic quantity » that F(u) be of finite degree of transcendence
over F, but this is not sufficient, as axiom II would fail.

ExaAMPLE. Let 7 be the prime field of ch. p#0. Let x, x;, - - - be a se-
quence of indeterminates in the algebraic sense, and convert F=x(x, %1, - - - )
into a differential field by setting every derivative equal to zero. In the ring
S=F{ V}, consider the ideal P=S-(V?x;— Vix, Vix3— Vix,, - - -) generated
in the algebraic sense (Vi=V’, Vo=V", .. .). One verifies immediately
that P is a prime differential ideal: in fact, if ¢, &, ¢4, - - - is a sequence of
indeterminates (in the algebraic sense), then (¢, £(x1/x)V/?, ta, ta(x3/x2) V2, - « - )
is a “general point” of P. If v, 9y, - - - are the residues of V, V3, - - - in S/P,
one sees that F(v) is not of finite degree of transcendence over F. In T
=F@){U}, let Q=T-(xUP—v?, %,Uf—1}, - - - ), generated in the algebraic
sense. Here also Q is a differential prime ideal in T, and if « is the residue of
Uin T/Q, then F(v, u) is of infinite degree of transcendence over F(z). On
the other hand, each v; is algebraic over F(u).

We therefore propose the following definition.

DEerFINITION. The element % is said to be algebraic over F if F(u) is a
finite extension of F.

The results of §2 then continue to hold. Axiom I is trivially verified; 111
follows from the fact that if K, L, M are fields, KCLC M, and M/K is finite,
then so is L/K. As for II, adjoining #;, - - -, %, to F, and calling the
other two elements u, v, we have to see that if v is algebraic over F(u) but not
over F, then u is algebraic over F(v). Let, then, F(u, v)=F{u)(v, v1, - - -, v,).
We have v,.1=P(u, uy, *+ + * , %, 0, + * *, 0:)/Q0ty - - -, 84,0, -+ -, 0.), P, Q
polynomials. Let us use this relation to compute v,;2, vp43 -+ -, the de-
nominators being always powers of Q. In computing 2,42, ¥,41 and #%;; may
arise in the numerator: eliminating v.;; by the above relation, we have
Vppo=Pi(et, - -+, Uy, 31, 9, + * -, 9,)/Q? and the degree of P; in u.y, is at
most 1. Here P, may not actually involve u..;, but at any rate one sees that
the order of the highest order derivative of # appearing in the numerator
increases by 0 or 1 (or possibly decreases); and the like is true in passing
successively to 9,43, vry4, - - - . Now the order of this highest derivative can
not be bounded, as otherwise F{v) would be finite over F. And since this
order increases by either 0 or 1, one sees that it takeson all the values ¢,2+1,
t+2, - - - . The increase from u, to #,41 gives a linear relation in #,4;, and so
we have that F(v, u) is a finite extension of F(v), i.e., % is algebraic over F(v).

To extend the results of §3 one might think, keeping in mind the abstract
algebraic results, that the first thing is to define separable quantity. It turns
out, however, that the theorem of the primitive element has nothing to do
with questions of separability, at:least subject to the definition of algebraic
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gquantity given above. In fact, if # and v are each algebraic over F, then
F(u, v)/F as well as F(A){(u, v)/F(A) are finite. Now any subfield of a finite
extension is also finite, and from any system of generators, a finite subsystem
of generators can be selected. Hence u+Av is algebraic over F(A) and for some
r, (u+A)DEF(AY(u+Av, (u+Av)’, - - -, (+Av)"D). As before, taking a
partial with respect to A”, one obtains F(A)(u—+Av)=F(A){u, v).

The results of §3 would now carry over provided we have the theorem
on satisfying polynomial inequalities. Here again the theorem depends on
the nature of the base field, but it is not sufficient to have a nonconstant
element.

ExAMPLE. Let 7 be the prime field of ch. 2, w(£) a differential field with
£=1. Then A" is a nonzero polynomial which vanishes for every A&w(£).

If F is a differential field, then the constants in F form a field Fy, the
constant field. If an element £ in F is separable over F, (in the algebraic sense),
then one sees immediately that £E Fy. In the case of ch. 0, if £ is nonconstant,
then this shows that £ is transcendental over F,, in particular F/F, has no
finite linear basis. This is the main condition that the theorem on satisfying
polynomial inequalities hold.

THEOREM 3. The theorem on satisfying polynomial inequalities over F holds
if and only if F has no finite linear basis over its constant field F,.

Proof. By a lemma of Ritt [6, p. 34], the proof of which is a simple in-
duction and in no way depends on the characteristic, elements gy, - - -, 7, EF
are linearly dependent over F, if and only if

N1 R
7 77’
n e
. = 0.
(s—1) ° (s—-1)
N1 LR FY

Let F/F, be finite, and let s> [F: F,]. Form a polynomial P(A) by replacing
in the above determinant A® for n;. Then P(A)#0, but P(A) =0 for every
ANEF. Conversely, let G(U, - - -, U,)#0 be a given polynomial, and let
£, - - -, &,EF be linearly independent over Fo: we propose to show that G=0
1s satisfied for some U=cofo+ - - - ik, the ¢;EF,. In doing so, we may as-
sume inductively that the theorem holds for any polynomial (involving only
U, - - -, U, of total degree (in U, - - -, U,) less than the total degree of G:
the theorem being trivial for total degree zero, we shall suppose G to have
positive degree. Suppose, then, that G were also a polynomial in U?, - - -, U?.
Let w;, ws, - - - be a (possibly infinite) linear basis of F/F?. Then G=Gw,
+Gyws+ - - -, where G:EF?[U?, - - -, U?]. Let Gi(U)#0 and U=co
+ - - - ¢, such that GM(coko+ - - - k) #0: such an element exists by
induction, and also does not annihilate G. We may suppose, then, that G is
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not a polynomial in U?, - - -, U?, which we can express by saying that
some G/ U,;#0. The proof is now parallel to Ritt's, where he has written
1, & -, & instead of &, - - -, &. In fact, suppose G(cofo+ - - - +c,&) =0
for all (¢co, €1, * * -, €s), c;E Fo. Let w be the prime field of F, and ¢EF, £ F.
Then £ is not algebraic over 7 (in the algebraic sense): in fact, suppose for a
moment it were, and let f(X) =0 be an equation of least degree satisfied by £
over 7. Then f(X) is separable, since 7 is perfect, so f/'(§) -£& =0 yields £ =0,
a contradiction. Hence in particular Fy contains infinitely many elements,
all the elements of w(£?) for example. Hence taking the partials of

G(cokot - - - +c:&) =0 with respect to the ¢; yields true relations. Thus we
get:

G G G

a—ﬁ£o+ 6U1$o+"'+ 6U,Eo =0,

oG G |, G

5551+ aUl$1+"'+ aU,El =0,

B+ X z'+.-~+ X~

U~ U, v, "

whence, since dG/dU,;5£0 for an appropriate choice of the c¢;, we get that the
determinant of these equations equals zero, and hence that &, - - -, & are
linearly dependent over Fy, by the lemma of Ritt already referred to above:
this is a contradiction.

Hence, the theorem of §3 on the primitive element also holds more generally,
with a condition on the base field F, but without restriction on the characteristic.

As for the chain theorem, we must first settle on the definition of prime
ideal: the old definition is certainly not sufficient.

ExAMPLE. Let 7w =the prime field of ch. p0, x, x;, - - - a sequence of (alge-
braic) indeterminates, and F=mw(x, x1, - - - ) a differential field in which
every derivative is zero. In S=F{U}, let P;=S-(Ur—x, .-, Ul—x;),
generated in the algebraic sense: one sees that also P; is differential and
prime. On the other hand PCP;C - - - is an infinite ascending chain of prime
ideals. '

In this example, S/P is of infinite degree of transcendence over F. Even
requiring S/P to be finite is not sufficient, however. The chain theorem for
prime ideals would, indeed, obtain, but the finite intersection property
fails.

ExaMpLE. Let S be as above; let P;=S-(Ur—x, - - -, UL, —x;a, Us,
Uiy, - - +) (2=1,2, - - + ; w) in the algebraic sense. One verifies immediately
that P; is a differential prime ideal. On the other hand, 4 =NP; is not a
finite intersection. In fact, 4 =S-[U(U?—x), Uy(U%—x,), - - - |, generated
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in the differential sense, i.e., these generators and their various derivatives
generate A in the algebraic sense. The minimal prime ideals of 4 are just
the P;, so A cannot be a finite intersection.

Thus it becomes fairly clear that at least in S=F{U} it should be re-
quired of an allowable proper prime ideal that F{u)/F, where u is the residue
of U mod P, satisfy some separability condition, in addition to the require-
ment that it be finite. We take the following definition, which is the current
one in the algebraic theory (see [1, p. 68]), and which appears to be suitable
for the differential theory as well.

DEeFINITION. Let KCL, K, L, be fields (of ch. p0). L/K is said to be sep-
arable if elements in L linearly independent over K are still such over K'»,

We define allowable prime ideal accordingly.

DEerFINITION. A differential prime ideal P in S=F{ Uy, -+, U,,} will be
said to be allowable if F(u;, - - -, u,)/F is separable, where F{ul, cee un}
=S/P.

InS=F { Uy -, U,.} , we define an allowable perfect ideal as the intersec-

tion of allowable prime ideals, but it is not immediately clear that an allowable
perfect ideal which is prime is an allowable prime ideal. We need an ideal-
theoretic or ring-theoretic criterion for an allowable ideal. Let 2, 2o, - - - €EF
‘be a p-basis for F/F?, i.e., every element of F can be written uniquely as a
polynomial in the z;, with no exponent exceeding p —1, and with coefficients
in F?, One easily defines differentiations 9/dz; over F? such that 0z;/9z;=1,
0z;/0z;=0 if j>£1, and dU;/0z;=0. '

THEOREM 4. Let P be a prime ideal in S=F{Uy, - - -, Ua}. Then P is
allowable if and only if PO\F[U3, UP, - - -, UL, U, - - -] is closed under all
the differentiations 4/032;.

Proof. Let %3, - - -, u, be the residues of Uy, - -+, Un. F(us, + + +, s)/F
is separable if and only if Fr(uf, w{®, - - -, 43, wF, - - -)/F? is separable,
and this will be the case if and only if Giun+Gw.+ - - - =0 implies
that each G;=0, where G;E F?(u}, - - - ) and wy, w,, - - -is a linear basis of

F/F?. We may suppose that G;&F»[uZ, - - - ], and the w; to be the power
products of the z; with exponents not exceeding p —1. The differentiations
d/0z; are introduced merely as a convenient device for deducing G;=0 from
lel+G2w2+ - =0.

CoROLLARY. An allowable perfect ideal which is prime is an allowable prime
ideal.

REMARK. The above ought, no doubt, to be the basis of defining an allow-
able ideal in general. If we do take this definition in general, then we recover
Hilbert's Nullstellensatz (weak form) as a theorem. In fact, the leading state-
ments in the above proof are still trueif [ ] and { } are taken in the (present)
narrower sense, but these do require some further substantiation. Let 4, P



1952] SOME BASIC THEOREMS IN DIFFERENTIAL ALGEBRA 187

be as before, except that now they are allowable. Let 4, be exactly as before,
i.e., generated in the (previous) wider sense by P and #; and similarly for B,.
As before we have Ay-BoC P. Let A¢ be generated in the wider sense by 4,
and the partials with respect to the z; of the elements in ANF[U%, U3, - - - |;
and similarly for B{. Let CEANF[U?, U3, - - - |, DEB,. Then d(CD?) /93,
=D?-9C/dz;EP, whence (D-3C/dz;)»EP and D-dC/dz;&P. Using the cal-
culation proving 44-BoC P, we see that 44 - By P; and repeating the argu-
ment, that 44 - By CP. Let A; be the ideal generated in the wider sense by
the G such that G*E A4 for some p; and similarly for B;. As before we get
Ay-B,CP. Defining A4;, B;, A!, B! recursively, and repeating the above
argument an infinite number of times, we get {P, u}-{P, v} CP.
We are now in position to prove the chain theorem.

THEOREM 5. In the case of ch. p#0, conditions (A) and (B) continue to hold
for the allowable prime and perfect ideals.

Proof. Let 4 =N P, be an allowable perfect ideal in S=F{ Uy, - -, U,.} ;
we may suppose 4 #(0). Let GEA, G50, G of minimal degreein Uy, - + -, U,
and its derivatives: this degree may, trivially, be supposed positive, and
further, we may assume inductively that every allowable perfect ideal con-
taining an element of smaller degree is a finite intersection. Now G
&FrlUs, UP, - .-, UL U? - - -] Forif it were, then G =G +Gowe+ - - -,
where w;, s, - - - is a linear basis of F/F», and G;€F?[U?%, - - - ]. Since 4 is
allowable, all the G;EA, hence Gi?EA and not all G;=0; this contradicts
the minimum condition on G. So at least one of the variables in G occurs with
exponent not divisible by p, say U.,,, the rth but no higher derivative of U,,
occurs with such exponent ¢: Uy, s>, may occur, but with exponent di-
visible by p. It is convenient, and we may assume, that no such terms
U.s, s>7r, occur; namely, adjoining (for a moment) U?,, s>r, to the ground-
field, we see that the coefficient of U, r41in G’ is dG/d U,,, in particular then
G’'#0, and U, 41 occurs with exponent not divisible by p; deg G’ =deg G,
and we replace G by G’. Replacing G by a still higher derivative if necessary,
we may assume that deg G=0 in U,, s>7. The coefficient of U;,, being of
too small degree, is not in 4; it may be in some of the P, but separating
these off, we may suppose that it is not in any P,. As in the ch. 0 case, we
may suppose the theorem to hold for »—1 variables, and even that the
contraction of 4 to F{ Uy, -+, U,._l} [Uay -+ -, U..] is prime; here we
make use of the corollary to §5 just as in the proof of the second point of the
lemma. Under these circumstances, 4 is prime, and the proof for (A) is com-
plete; (B) follows similarly.

For an allied discussion of the above, see Kolchin [3].

7. Separable extensions. According to our definition of an algebraic
quantity, it is quite possible for an element % to be nonalgebraic over F and
vet each u; be algebraic (in the algebraic sense) over F.
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ExXAMPLE. Let F=7(x, x1, - - - ), #m=prime field of ch. p#0, x, x1, - - - a
sequence of (algebraic) indeterminates, and let o’=0 for every a&F. In
S=F{U}, let P=S-(U?—x, Ui—x, - - - ). Then the residue of U mod P
has the desired properties.

This pathological feature does not appear in the case of separable exten-
sions. For explicitness we write out the definition of separable quantity.

DEFINITION. The algebraic differential quantity « is said to be separable
over F if F(u)/F is separable.

THEOREM 6. If u is transcendental over F and F{(u)/F 1is separable, then

u, Ui, Uz, - + - are algebraically independent (in the algebraic sense) over F.
Proof. Suppose there were a nontrivial relation G(#,, - - -, %,) =0; then let
G(U, - - -, U,) be of minimal total degree. If GEF[U», U%, - - - ], then one

sees that we may assume G to have a term with U, occurring with exponent
not divisible by p (by replacing G by a derivative, as in the proof of Theorem
5). In that event, however, F{u)=F(u, - + -, %, %,41). Suppose then that
GEF[U?, U?, - - - ]. Let wy, wy, - - - be a basis of F/F?. Then G(U) =G1(U)w:
+Go(U)we+ - - - =0, with G;EFr[U?, U?, - - - ], not all Gi(U) =0, whence
also not all G;(#) =0. On the other hand, F?(u?, 4, - - - )/F? is also clearly
separable, so wi, w,, + - - are also linearly independent over F?(u?, uf, - - - ),
a contradiction.
In precisely the same way one can establish the following.

CoroLLARY. If d.d.t. Fluy, -+ -, u.)/F=n and Flw, - - -, u,)/F 1s
separable, then the u;; are algebraically independent over F.

The situation for a separable algebraic quantity parallels the case of char-
acteristic 0.

THEOREM 7. Let u be separable over F, and let d.t. F{u)/F=r. Then
u, W, * * -, Ur_1 are algebraically independent (in the algebraic sense) over F, u,
is separable over F(u, - - -, u,_y), and Flu)=F(u, w1, - - -, u,).

Proof. Let u, uy, - - -, u,_; be algebraically independent, but «, - - -, «,
algebraically dependent over F. Let G(U, - - -, U,), G#0, be a polynomial
of least degree satisfied by %, - - -, u,, the coefficients of G being in F. As in
the proof of the previous theorem, we may assume U, occurs with an ex-
ponent not divisible by p; i.e., we conclude that F{(u)=F(u, - - -, u,), whence
s=r, and the proof is complete.

Before proving the theorem of MacLane, we would like to consider two
examples which are somewhat related to the point in question.

ExaMPLE. In the polynomial ring S=F{U, V}, the ideal P
=[Ur—T1,, V"—Ul] is prime. Let S/P=F{u, v}. Then F(u, v)=F(u, v).
This field is separable over F, but v is not separable over F(u), nor is u
separable over F(v).



1952] SOME BASIC THEOREMS IN DIFFERENTIAL ALGEBRA 189

EXAMPLE. The sum of separable quantities is not necessarily separable. Let
m be the prime field of ch. p>2, @, b algebraic indeterminates, and let
F=m(a, b), with &/ =0 for every « € F, S=F{ U, V}, a polynomial ring. One
verifies that P=[(U+ V?)?+a(U+2V?)?—b, U—U,, V—Vi] is prime. In
the residue class ring F{u, v} (= F[«, v]), u is transcendental (in the algebraic
sense), over F, so is v; u is separable, satisfying U = Uy, and v also is separable.
Moreover (v?)’ =202, whence v? is separable; but w=u-+4v? is not separable.
In fact (u+v2)?4a(u+2%)?—b= —av??, so w is not algebraic (in the algebraic
sense) over F. Now w satisfies the irreducible polynomial W?+aW? —b; so w
is not separable over F.

THEOREM OF S. MACLANE. Let F(uy, - - -, u,)/F be separable and of degree
of differential transcendency t. Then for some relettering of the u;, F{uy, - -+, tn)
1is separable over Fluy, - - -, u,).

Proof. If t =n, there is nothing to prove. Let t <#, so that there exist non-
trivial relations of the u; over F. Let G(Us, - - -, U.)#0 be such that
G(uy, - -+, u,) =0, and let G be of minimum degree in the U;;. Because
F{u,, - - -, u,)/F is separable and G is of minimal degree, we know that at
least one U,; occurs with exponent not divisible by p; say this is U,,. Now
drop the minimal condition of the degree of G, but assume that 7 is minimal;
i.e., u,, is separable over F{u;, - + *, thn_1)(#n, * * + , Un—1) for s=r but this
is not the case for s <r. If now there are no nontrivial relations between the
uij, 1<n or 1=n, j<r, then we are through, since obviously t=n—1 and
Uy, + -+ +, a1 is the required separating transcendency basis. Suppose, then,
that there are such nontrivial relations, or that t<n—1. Let G(uy, + * * , Un)
=0 be such a relation, where G(Uy, - - -, U,) is of minimal degree. (Inci-
dentally, a straightforward induction does not seem to work.) Again we know
that at least one U;, 71 <n, occurs with exponent not divisible by p; say thisis
U,-1,,. Now drop the minimal condition on the degree of G but assume that »,
is minimal; i.e., that u,_;, is separable over F{uy, + + «, %n_o)(ts, = = *, Un,r_1)
(Ma_a, + * +, Un_1,.1) fOr s=r;, but this is not the case for s <r;. If now there
are no nontrivial relations between the u;;, 1<n—1,ort1=n—1, j<r,ori=n,
j<r, then we are through, since obviously t=n—2 and u,, - - -, %, is the
required separating transcendency basis. If, however, t<n—2, then the
argument is to be repeated, and the proof will be complete after n —¢ applica-
tions of the argument.

8. The strong Nullstellensatz for arbitrary characteristic. The strong
Nullstellensatz does not hold for arbitrary prime ideals: in fact, above (§7,
first example) we gave an example of a 1-dimensional prime ideal P in R
=F { U } for which R/P is a field. The theorem holds, however, for separable
prime ideals; and in fact, the previous proof also holds here, since what is
needed is a separating transcendency basis, and this we have. The following
proof, however, may also be of interest.
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Proof. Let R/P=F{u1, <., u,.}, and let u,, - - -, u, be algebraically
independent over F. Since F(ui, - - -, u,)/F is separable and of degree of
differential transcendency r, one sees that the u;;, 1=1, - - -, r, satisfy no
nontrivial polynomial relations over F. One can now pick from the u;;, 1>7,
a transcendency basis of F(uy, - -, un)/F(us, - - -, t,), say vy, v, = + +, 0y,
and a linear basis wy, - - -, w, of Fluy, -+ -, uo)/Fluy, - - -, us)(v1, © - -, Vs)
from the power products of the w;, <>r. Then there exists a
dEF{ul, <, u,} [#4, - - -, 9.] such that for any GEF{ul, cee, u,.} we
can write d*G as a linear combination of the w's with coefficients in
F{uy, - -+, u} [v, - - -, 0] The element d involves a number of deriva-
tives of u,, say up to us. Take g=Fk and also so large that #@+?, 40+ . ..
be algebraically independent over S=F {ul, < ,u,_l} [o1, -+, 0000, - - -, w4
Usy * + +, Us); this will be so if wy, - - -, w, are algebraic (in the algebraic
sense) over F{ul, o ,u,_l} [og, - - 00y 24r, - - -, u,g]. Let S*= {a/d"[aES,
p=1,2,.-. } Then S*{uﬁ”“)} is a differential subring of F(uy, + + +, ).
Let Q* be the ideal generated in the algebraic sense in S*{#¢*V} by
(Y, 4+ . . .): then Q* is clearly a proper prime ideal, and moreover
is differential. Let ¢=Q*"\F{u, - - -, #.}. Then ¢ is a proper prime ideal
in F {ul, cee, un}, and it determines a proper prime ideal QDP in
F { Uy, -, Un}; if g is taken sufficiently large (so that d?a(u)ES), then
clearly also a(U)€&Q (a(U) €& P, given). The residue class ring of Q* is just
(isomorphic, in the abstract sense, to) S*, and F{u, - - -, #.}/q can be re-
garded as a subring of S*; the quotient field of S* is a subfield of the separable
field F{u, - - -, u.), whence it is separable and Q is allowable. This com-
pletes the proof.
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